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ORTHOLOGIC TETRAHEDRA WITH INTERSECTING EDGES
HANS-PETER SCHRÖCKER
ABSTRACT. Two tetrahedra are called orthologic if the lines through vertices of one and perpendicular to corre-
sponding faces of the other are intersecting. This is equivalent to the orthogonality of non-corresponding edges.
We prove that the additional assumption of intersecting non-corresponding edges (“orthosecting tetrahedra”) im-
plies that the six intersection points lie on a sphere. To a given tetrahedron there exists generally a one-parametric
family of orthosecting tetrahedra. The orthographic projection of the locus of one vertex onto the corresponding
face plane of the given tetrahedron is a curve which remains fixed under isogonal conjugation. This allows the
construction of pairs of conjugate orthosecting tetrahedra to a given tetrahedron.
1. INTRODUCTION
Ever since the introduction of orthologic triangles
and tetrahedra by J. Steiner in 1827 [10] these curious
pairs have attracted researchers in elementary geom-
etry. The characterizing property of orthologic tetra-
hedra is concurrency of the straight lines through
vertices of one tetrahedron and perpendicular to cor-
responding faces of the second. Alternatively, one
can say that non-corresponding edges are orthogo-
nal. Proofs of fundamental properties can be found
in [7] and [8]. Quite a few results are known on
special families of orthologic triangles and tetrahe-
dra. See for example [5, 6, 9, 11] for more informa-
tion on orthologic tetrahedra (or triangles) which are
also perspective or [3] for a generalization of a state-
ment on families of orthologic triangles related to or-
thopoles.
In this article we are concerned with orthosecting
tetrahedra—orthologic tetrahedra such that non-cor-
responding edges intersect orthogonally. The con-
cept as well as a few basic results will be introduced
in Section 2. In Section 3 we show that the six in-
tersection points of non-corresponding edges neces-
sarily lie on a sphere (or a plane). While the compu-
tation of orthosecting pairs requires, in general, the
solution of a system of algebraic equations, conju-
gate orthosecting tetrahedra can be constructed from
a given orthosecting pair. This is the topic of Sec-
tion 4. Our treatment of the subject is of elemen-
tary nature. The main ingredients in the proofs come
from descriptive geometry and triangle geometry.
A few words on notation: By A1A2A3 we denote
the triangle with verticesA1,A2, andA3, byA1A2A3A4
the tetrahedronwith verticesA1,A2,A3, andA4. The
line spanned by two points A1 and A2 is A1 ∨ A2,
the plane spanned by three points A1, A2, and A3 is
A1 ∨A2 ∨A3. Furthermore, In denotes the set of all
n-tuples with pairwise different entries taken from
the set {1, . . . ,n}.
2. PRELIMINARIES
Two triangles A1A2A3 and B1B2B3 are called or-
thologic, if the three lines
(1) ai : Ai ∈ ai, ai ⊥ Bj ∨Bk; (i, j, k) ∈ I3
intersect in a pointOA, the orthology center ofA1A2A3
with respect to B1B2B3. In this case, also the lines
(2) bi : Bi ∈ bi, bi ⊥ Aj ∨Ak; (i, j, k) ∈ I3
intersect in a pointOB, the orthology center of B1B2B3
with respect to A1A2A3. The concept of orthologic
tetrahedra is similar. Two tetrahedraA = A1A2A3A4
and B = B1B2B3B4 are called orthologic, if the four
lines
(3) ai : Ai ∈ ai, ai ⊥ Bj ∨ Bk ∨Bl; (i, j, k, l) ∈ I4
intersect in a point OA, the orthology center of A
with respect to B. In this case, also the lines
(4) bi : Bi ∈ bi, bi ⊥ Aj∨Ak ∨Al; (i, j, k, l) ∈ I4
intersect in a OB, the orthology center of B with re-
spect to A. Orthologic triangles and tetrahedra have
been introduced by J. Steiner in [10]; proofs of funda-
mental properties can be found in [7, 8] or [1, pp. 173–
174].
The symmetry of the two tetrahedra in the defini-
tion of orthology is a consequence of the following al-
ternative characterization of orthologic tetrahedra. It
is well-known but we give a proof which introduces
concepts and techniques that will frequently be em-
ployed throughout this paper.
Proposition 1. The two tetrahedra A and B are ortho-
logic if and only if non-corresponding edges are orthogo-
nal:
(5) Ai ∨Aj ⊥ Bk ∨Bl, (i, j, k, l) ∈ I4.
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FIGURE 1. Orthographic projection
onto a face plane
Proof. We only require that the lines ai through Ai
and orthogonal to the plane Bj ∨Bk ∨Bl intersect in
a point OA. The plane Ai ∨Aj ∨OA contains two
lines orthogonal to the line Bk ∨ Bl, (i, j, k, l) ∈ I4.
Therefore, all lines in this plane, in particularAi∨Aj,
are orthogonal to Bk ∨ Bl.
Assume conversely that the orthogonality condi-
tions (5) hold. Clearly, any two perpendiculars ai in-
tersect. We have to show that all intersection points
Aij = ai ∩ aj coincide. Using our freedom to trans-
late the tetrahedron A without destroying orthogo-
nality relations we can ensure, without loss of gener-
ality, the existence of the intersection points
(6)
V12 := (A1 ∨A2) ∩ (B3 ∨B4),
V13 := (A1 ∨A3) ∩ (B2 ∨B4),
V23 := (A2 ∨A3) ∩ (B1 ∨B4).
Consider now the orthographic projection onto the
plane A1 ∨A2 ∨A3 (Figure 1). We denote the projec-
tion of a point X by X ′. By the Right-Angle Theorem
of descriptive geometry,1 the points B ′1, B
′
2 and B
′
3
lie on the perpendiculars through B ′4 onto the sides
of the triangle A = A1A2A3. Moreover, since the
plane V12 ∨ V13 ∨ V23 appears in true size, the lines
ai through Ai and orthogonal to the respective face
planes of A have projections a ′1, a
′
2, a
′
3 orthogonal
to the edges of the triangle V = V23V13V12. The tri-
angles V and A are orthologic. Therefore the lines
a ′i intersect in a point O
′
A which is necessarily the
projection of a common point OA of the lines a1, a2,
and a3. 
1In an orthographic projection the right angle between two
lines appears as right angle if and only if one line is in true size
(parallel to the image plane) and the other is not in a point-view
(orthogonal to the image plane).
3. THE SIX INTERSECTION POINTS
The new results in this paper concern pairs of or-
thologic tetrahedraA = A1A2A3A4 andB = B1B2B3B4
such that non-corresponding edges are not only or-
thogonal but also intersecting. That is, in addition to
(5) we also require existence of the points
(7)
Vij := (Ai ∨Aj) ∩ (Bk ∨ Bl) 6= ∅, (i, j, k, l) ∈ I4.
Definition 2. We call two tetrahedra A and B ortho-
secting if their vertices can be labelled as A1A2A3A4
andB1B2B3B4, respectively, such that (5) and (7) hold.
Theorem 3. If two tetrahedra are orthosecting, the six
intersection points of non-corresponding edges lie on a
sphere (or a plane, if flat tetrahedra are permitted). The
sphere center is the midpoint between the orthology cen-
ters.
Proof. Denote the two tetrahedra by A = A1A2A3A4
and B = B1B2B3B4 such that the lines Ai ∨Aj and
Bk ∨ Bl intersect orthogonally in Vij for (i, j, k, l) ∈
I4. As in the proof of Proposition 1 we consider the
orthographic projection onto the plane A1 ∨A2 ∨A3
(Figure 1). Clearly, B ′4 equals the projection O
′
B of
the orthology center OB of B with respect to A. If
it lies on the circumcircle of A1A2A3, all perpendicu-
lars from B ′4 onto the sides ofA1A2A3 are parallel. In
this case the tetrahedron B1B2B3B4 is flat and the the-
orem’s statement holds. Otherwise, the points V12,
V13, and V23 define a circle c4—the pedal circle of
the point B ′4 with respect to the triangle A1A2A3. By
the Right-Angle Theorem the projection O ′A of the
orthology center OA of A with respect to B is the or-
thology center of the triangleA1A2A3 with respect to
the triangle V23V13V12. Moreover, from elementary
triangle geometry it is known that the center M ′ of
c4 halves the segment between B ′4 andO
′
A [4, pp. 54–
56]. Hence all circles ci drawn in like manner on
the faces of A have axes which intersect in the mid-
point M of the two orthology centers OA and OB.
Moreover, any two of these circles share one of the
points Vij. Hence, these circles are co-spherical and
the proof is finished. 
The proof of Theorem 3 can also be applied to a
slightly more general configuration where only five
of the six edges intersect orthogonally. We formulate
this statement as a corollary:
Corollary 4. IfA = A1A2A3A4 and B = B1B2B3B4 are
two orthologic tetrahedra such that five non-corresponding
edges intersect, the five intersection points lie on a sphere
(or a plane).
34. THE ONE-PARAMETRIC FAMILY OF SOLUTION
TETRAHEDRA
So far we have dealt with properties of a pair of
orthosecting tetrahedra but we have left aside ques-
tions of existence or computation. In this sectionA =
A1A2A3A4 is a given tetrahedron to which an ortho-
secting tetrahedron B = B1B2B3B4 is sought.
4.1. Construction of orthologic tetrahedra. At first,
we consider the simpler case of orthologic pairs. Clearly,
translation of the face planes of B will transform an
orthologic tetrahedron into a like tetrahedron (unless
all planes pass through a single point). Therefore, we
consider tetrahedra with parallel faces as equivalent.
Themaybe simplest construction of an equivalence
class of solutions consists of the choice of the orthol-
ogy centerOA. This immediately yields the face nor-
mals ni ofB as connecting vectors ofOA andAi. The
variety of solution classes is of dimension three, one
solution to every choice of OA. Since five edges de-
termine two face planes of a tetrahedron and, in case
of suitable orthogonality relations, also the orthology
center OA, we obtain
Theorem 5. If the vertices of two tetrahedra can be la-
belled such that five non-corresponding pairs of edges are
orthogonal then so is the sixth.
The variety of all solution classes contains a two-
parametric set of trivial solutions n1 = n2 = n3 = n4.
They correspond to orthology centers at infinity, the
solution tetrahedra are flat. Note that the possibility
to label the edges such that non-corresponding pairs
are orthogonal is essential for the existence of non-
flat solutions. If, for example, corresponding edges
are required to be orthogonal only flat solutions ex-
ist.
4.2. Conjugate pairs of orthosecting tetrahedra. Es-
tablishing algebraic equations for solution tetrahedra
is straightforward. Six orthogonality conditions and
six intersection condition result in a system of six
linear and six quadratic equations in the twelve un-
known coordinates of the vertices of B. Because of
Theorem 5, only five of the six linear orthogonality
conditions are independent. Therefore, we can ex-
pect a one-dimensional variety of solution tetrahe-
dra. This expectation is generically true, as can be
confirmed by computing the dimension of the ideal
spanned by the orthosecting conditions by means of
a computer algebra system.
The numeric solution of the system induced by
the orthosecting conditions poses no problems. We
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FIGURE 2. A pedal chain.
used the software Bertini,2 for that purpose. Sym-
bolic approaches are feasible as well. One of them
will be described in Subsection 4.3. It is based on a
curious conjugacy which can be defined in the set of
all tetrahedra that orthosect the given tetrahedron A.
Assume that B = B1B2B3B4 is a solution tetrahe-
dron and denote the orthographic projection of Bi
onto the face planeAj∨Ak∨Al by B⋆i , (i, j, k, l) ∈ I4.
By the Right-Angle theorem the pedal points of all
points B⋆i on the edges of AjAkAl are precisely the
intersection points defined in (7). Three intersection
points on the same face of A form a pedal triangle.
This observation gives rise to
Definition 6. A pedal chain on a tetrahedron is a set of
four pedal triangles, each with respect to one face tri-
angle of the tetrahedron, such that any two pedal tri-
angles share the vertex on the common edge of their
faces (Figure 2). If all vertices of pedal triangles lie
on a sphere (or a plane), we speak of a spherical pedal
chain.
If A1A2A3A4 and B1B2B3B4 are orthosecting, the
proof of Theorem 3 shows that six intersection points
are the vertices of a spherical pedal chain. The con-
verse is also true:
Theorem 7. Given the vertices Vij of a spherical pedal
chain on a tetrahedron A = A1A2A3A4 there exists a
unique orthosecting tetrahedronB = B1B2B3B4 such that
Ai ∨Aj ∩Bk ∨ Bl = Vij for all (i, j, k, l) ∈ I4.
Proof. If a solution tetrahedron B exists at all it must
be unique since its faces lie in the planes βi := Vij ∨
Vik ∨ Vil (i, j, k ∈ {1, 2, 3, 4} pairwise different).
3
2D. J. Bates, J. D. Hauenstein, A. J. Sommese, Ch. W. Wampler:
Bertini: Software for Numerical Algebraic Geometry,
http://www.nd.edu/~sommese/bertini/ .
3The case of collinear or coinciding points Vij leads to degen-
erate solution tetrahedra whose faces contain one vertex of A.
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FIGURE 3. Proof of Theorem 7
In order to prove existence, we have to show that
the lines Ai ∨ Aj and βi ∩ βj are, indeed, orthogo-
nal for all pairwise different i, j ∈ {1, 2, 3, 4}. We
denote the point from which the pedal triangle on
the face AiAjAk originates (the “anti-pedal point”)
by B⋆l and show orthogonality between A1 ∨A2 and
β1 ∩ β2 for (i, j, k, l) ∈ I4. Relabelling according to
(8)
P00 := V13, P01 := A1, P02 := V14,
P10 := B
⋆
4 , P11 := V12, P12 := B
⋆
3 ,
P20 := V23, P21 := A2, P22 := V24
(Figure 3) we obtain a net of points Pij. In every el-
ementary quadrilateral the angle measure at two op-
posite vertices equals pi/2. Thus, the net is circular.
Such structures are extensively studied in the con-
text of discrete differential geometry [2]. Our case is
rather special since two pairs of quadrilaterals span
the same plane. This does, however, not hinder ap-
plication of [2, Theorem 4.21] which states that our
assumptions on the co-spherical (or co-planar) posi-
tion of the points P00, P02, P11, P20, and P22 is equiv-
alent to the fact that the net Pij is a discrete isother-
mic net. These nets have many remarkable charac-
terizing properties. One of them, stated in [2, Theo-
rem 2.27], says that the planes P00 ∨ P11 ∨ P02, P10 ∨
P11∨ P12, and P20 ∨ P11∨ P22 have a line in common.
In our original notation this means that the line β1 ∩
β2 intersects the face normal ofA1∨A2∨A3 through
B⋆4 and the face normal of A1 ∨A2 ∨A4 through B
⋆
3 .
Therefore, it is orthogonal to A1 ∨A2. 
As a consequence of Theorem 7 it can be shown
that tetrahedra which orthosect A come in conjugate
pairs: Given A and an orthosecting tetrahedron B it
is possible to construct a second orthosecting tetra-
hedron C. The same construction with C as input
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FIGURE 4. Pedal circles in a triangle
yields the tetrahedron B. This conjugacy is related to
the pedal chain originating from B. The key ingredi-
ent is the following result from elementary triangle
geometry [4, pp. 54–56]:
Proposition 8. If P is a point in the plane of the triangle
A1A2A3 and c its pedal circle, the reflectionQ of P in the
centerM of c has the same pedal circle c (Figure 4).
Suppose that A and B are orthosecting tetrahedra.
The orthographic projections B⋆i of the vertices of B
onto corresponding face planes ofA are points whose
pedal triangles form a spherical pedal chain. By re-
flecting B⋆i in the centers of the pedal circles on the
faces of A we obtain points C⋆i which, according to
Proposition 8, give rise to a second spherical pedal
chain (with the same sphere of vertices) and, by The-
orem 7, can be used to construct a second orthosect-
ing tetrahedron C (Figure 5).
The points P andQ of Proposition 8 are called isog-
onal conjugates with respect to the triangle A1A2A3.
The above considerations lead immediately to
Theorem 9. Given a tetrahedron A = A1A2A3A4, the
orthographic projection of all vertices B⋆i of orthosecting
tetrahedra onto the face plane Aj ∨Ak ∨Al of A (with
(i, j, k, l) ∈ I4) is a curve which is isogonally self-conjugate
with respect to the triangle AjAkAl.
4.3. Computational issues. We continue with a few
remarks on the actual computation of the isogonal
self-conjugate curves of Theorem 9 with the help of
a computer algebra system. Our first result concerns
the construction of pedal chains.
Theorem 10. Consider a tetrahedron A = A1A2A3A4
and six points Vij ∈ Ai ∨Aj, (i, j, k, l) ∈ I4. If three of
the four triangles VijVjkVki, with (i, j, k) ∈ I3, are pedal
triangles with respect to the triangleAiAjAk then this is
also true for the fourth.
Proof. Assume that the trianglesV12V24V14, V23V24V34,
and V13V34V14 are pedal triangles of their respective
face triangles. We have to show that V12V23V13 is a
pedal triangle of A1A2A3. As usual, the anti-pedal
points are denoted by B⋆1 , B
⋆
2 , and B
⋆
3 . Clearly, we
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FIGURE 5. A conjugate pair B, C of orthosecting tetrahedra.
haveB⋆i ∨B
⋆
j ⊥ Ak∨A4 for (i, j, k, 4) ∈ I4. Denote by
B◦4 a point in the intersection of the three planes inci-
dent with Vij and perpendicular toAi∨Aj, (i, j, k) ∈
I3. By Proposition 1 the tetrahedra A and B⋆1B
⋆
2B
⋆
3B
◦
4
are orthologic. Therefore, the face normals nl ofAi∨
Aj ∨Ak through B⋆l have a point B4 in common (l 6=
4, (i, j, k, l) ∈ I4). By the Right-Angle Theorem, the
intersection point B⋆4 of the orthographic projections
of n1, n2, and n3 onto A1∨A2 ∨A3 has V12V23V13 as
its pedal triangle. 
In order to construct a pedal chain on a tetrahe-
dron A = A1A2A3A4 on can proceed as follows:
(1) Prescribe an arbitrary pedal triangle, sayV12V23V13.
(2) Choose one anti-pedal point, sayB⋆3 , on a neigh-
bouring face. It is restricted to the perpendic-
ular to A1 ∨A2 trough V12.
(3) The remaining pedal points are determined.
Theorem 10 guarantees that the final comple-
tion of V34 is possible without contradiction.
In order to construct a spherical pedal chain, the
choice of B⋆4 and B
⋆
3 needs to be appropriate. A sim-
ple computation shows that there exist two possible
choices (in algebraic sense) forB⋆3 such that the points
V12, V13, V23, V14, and V24 are co-spherical (or co-
planar). Demanding that the remaining vertex V34
lies on the same sphere yields an algebraic condi-
tion on the coordinates of B⋆4 —the algebraic equa-
tion of the isogonally self-conjugate curve i4 from
Theorem 9. We are currently not able to carry out
the last elimination step in full generality. Examples
suggest, however, that i4 is of degree nine. Once a
point on i4 is determined, the computation of the cor-
responding orthosecting tetrahedron is trivial.
5. CONCLUSION AND FUTURE RESEARCH
We introduced the concept of orthosecting tetrahe-
dra and presented a few results related to them. In
particularwe characterized the six intersection points
as vertices of a spherical pedal chain on either tetra-
hedron. This characterization allows the construc-
tion of conjugate orthosecting tetrahedra to a given
tetrahedronA.
In general, there exists a one-parametric family
of tetrahedra which orthosect A. The orthographic
projection of their vertices on the plane of a face tri-
angle of A is an isogonally self-conjugate algebraic
curve. Maybe it is worth to study other loci related
to the one-parametric family of orthosecting tetrahe-
dra. Since every sphere that carries vertices of one
pedal chain also carries the vertices of a second pedal
chain, the locus of their centers might have a reason-
able low algebraic degree.
Moreover, other curious properties of orthosect-
ing tetrahedra seem likely to be discovered. For ex-
ample, the repeated construction of conjugate ortho-
secting tetrahedra yields an infinite sequence 〈Bn〉n∈Z
of tetrahedra such that Bn−1 and Bn+1 form a conju-
gate orthosecting pair with respect to Bn for every
n ∈ Z. All intersection points of non-corresponding
edges lie on the same sphere and only two points
serve as orthology centers for any orthosecting pair
Bn, Bn+1. General properties and special cases of
this sequencemight be aworthy field of further study.
Finally, we would like to mention two possible ex-
tensions of this article’s topic. It seems that, with
exception of Steiner’s result on orthologic triangles
on the sphere, little is known on orthologic triangles
and tetrahedra in non-Euclidean spaces. Moreover,
one might consider a relaxed “orthology property”
as suggested by the anonymous reviewer: It requires
that the four lines a1, a2, a3, a4 defined in (3) lie in a
regulus (and not necessarily in a linear pencil). This
concept is only useful if the regulus position of the
lines ai also implies regulus position of the lines bj
6of (4). We have some numerical evidence that this is,
indeed, the case.
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